Coupling of polaritons to vibrational modes of ultracold atoms in an optical lattice 
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The coupling of internal electronic excitations to vibrational modes of the external motion of 
ultracold atoms in an optical lattice is studied here in using a perturbation expansion in small 
atomic displacements. In the Mott insulator case with one atom per site, the resonance dipole- 
dipole coupling between neighboring sites can induce emission and absorption of vibrational quanta. 
Within a cavity in the strong exciton-photon coupling regime such coupling results in polariton- 
vibration interactions, which create a significant thermalization mechanism for polaritons toward 
their minimum energy, and leading to motional heating of the lattice atoms. 
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I. INTRODUCTION 



The superfluid to the Mott insulator quantum phase 
transition in a system of ultracold boson atoms in an 
optical lattice has been first predicted theoretically [jj, 
and then realized experimentally @- The optical lat- 
tice is formed off standing waves of counter propagat- 
ing laser beams with lattice constant of half laser wave 
length. The ultracold atoms are loaded into such optical 
lattice, and in varying the laser intensity the superfmid- 
Mott insulator phase transition can be achieved, and in 
the Mott insulator phase a fixed number of atoms per 
site is obtained, where the transition is well described 
by the Bose-Hubbard model For deep optical lat- 
tice potentials the on-site lowest motional states can be 
described by harmonic oscillators, and the transitions of 
the atoms between these vibrational states are usually 
induced by Raman scattering of light or via scattering in- 
teractions during atom hopping among different sites [|[ . 
We study here a different mechanism for the excitation 
and de-excitation of vibrational modes which is induced 
by resonance dipole-dipole interactions. The discussion 
is limited to two-level atoms in a deep optical lattice pre- 
pared in the Mott insulator phase with one atom per site, 
and we assume ground and excited state optical lattice 
potentials with minima at the same positions but with 
different depth. 

We already studied collective electronic excitations 
(excitons in such a system for the cases of one and 
two atoms per site. For an optical lattice, which is lo- 
cated between two cavity mirrors • we showed that in 
the strong coupling regime, excitons and photons are co- 
herently mixed to form cavity polaritons In these 
works we considered only the case of atoms localized in 
the lowest vibrational state, i.e. the first Bloch band. 
However, in more realistic optical lattices, dynamical ex- 
citation of atoms to higher vibrational states will occur. 
In the present work we aim to include higher vibrational 
states which are induced through their coupling to exci- 
tons. As optical lattices in the Mott insulator phase are 
similar to molecular crystals, the formalism adopted here 
is in the spirit of the coupling of Frenkel excitons and op- 
tical phonons in molecular crystals [t| [l(| , but some cau- 



tion is needed to identify the correct physical analogies 
between optical phonons in molecular crystals and the 
vibrational states in optical lattices. In our case the in- 
teraction is mediated by resonance dipole-dipole coupling 
and is treated in the perturbation theory. Furthermore, 
polariton-vibration interactions emerge through the po- 
lariton excitonic part, and serve as a significant source 
of polaritons relaxation toward their minimum energy, 
and as an important mechanism for excitation and de- 
excitation of vibrational modes. 

The paper is organized as follows. In section 2 we 
present electronic excitations and vibrational modes of 
cold atoms excited to higher Bloch bands in an optical 
lattice. And in section 3 we derive the coupling of elec- 
tronic excitations to vibrational modes. We derive the 
cavity-polaritons coupling to the vibrational modes in 
section 4. A summary appears in section 5. 



II. ELECTRONIC EXCITATIONS AND 
VIBRATIONAL STATES FOR AN OPTICAL 
LATTICE 

The electronic excitations for ultracold atoms of an 
optical lattice in the Mott insulator phase can be repre- 
sented by the Hamiltonian 



(1) 



where B\ , Bi are the creation and annihilation operators 
of an excitation at lattice position i. In the case of a sin- 
gle electronic excitation, the operators can be taken to 
obey the Bose commutation relation [Bi,Bj] = Sij. The 
internal atomic transition frequency is uja- An internal 
electronic excitation can be exchanged among atoms at 
different sites i and j, which is induced by dipole-dipole 
interactions and can be parametrized by a coupling in- 
tegral Jij. It is now essential to note that this coupling 
depends on the atomic displacements u* m and thus on 
the local vibrational excitation. Here u* m is the aver- 
age change of the atomic size at site i, of position n^, 
in the A internal state, for the ground and excited state 
energies (A = e, g), due to the excitation of the atom to a 
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higher vibrational state with m quanta, and where u^ m is 
measured relative to of the vibration-less state. The 
dependence of the on-site transition energy Huja on the 
vibrational state is neglected. As long as u^ m is a small 
distance relative to the lattice constant a, which is the 
case for the lowest vibrational modes, to lowest orders in 
this small perturbation we can split the Hamiltonian in 
the form H = H ex +H v n,+H ex - V ib. Here H ex is the inter- 
nal excitation Hamiltonian, which is obtained for atoms 
in the ground vibrational states, H v n, is the atom vibra- 
tion Hamiltonian, for excited and ground state atoms, 
and the coupling Hamiltonian H ex - V ib is derived pertur- 
batively for atoms excited to higher vibrational states. 

To zeroth order, for atoms in the ground vibrational 
states, we thus get 



H ex = J2^a B\Bi + hJ ij B \ B 3 



(2) 



where Jfj is the transfer parameter among atoms in the 
lowest vibrational states. 

The Hamiltonian can be diagonalized by using the 
transformation into the quasi-momentum space 



k 



(3) 



own optical lattice potential. In the transition between 
the ground and the excited state one kind of bosons is 
destroyed and another created. Hence we use two inde- 
pendent harmonic oscillators for the ground and excited 
vibrational excitations. Note that if we have physical al- 
lowed initial states, then the system dynamics due to the 
following interaction Hamiltonian, derived in the pertur- 
bation theory, will not couple to any un-physical states 
present in the Hilbert space. 



III. INTERACTIONS OF ELECTRONIC 
EXCITATIONS TO VIBRATIONAL STATES 

To first order in the perturbation series with respect 
to u*, we derive an approximative excitation- vibration 
coupling Hamiltonian H ex - V n,. Processes in first order 
include only single vibrational quantum, and we drop 
the index (m). To treat processes of more than a single 
vibrational quantum one needs to consider higher order 
terms of this perturbation series. The present pertur- 
bation method [l2j allows one to include any number of 
vibrational quanta, (up to the limit of the harmonic os- 
cillator approximation) . 

The interaction Hamiltonian of the transfer term then 
reads 



where N is the number of sites, and k is the in-plane 
wave vector for 2D optical lattice. We obtain the exciton 
Hamiltonian [ffl 



H ex = ^fiw Q (k) B+Bt, 

k 



(4) 



where the exciton dispersion is cj a (k) = uja + 
£ L J(L)e lk L , with L = n, and J(L) = J°-. The 

condition for the energy transfer among lattice sites, and 
hence the formation of collective electronic excitations 
(excitons), is to have a dipole-dipole coupling larger than 
the excited state line width V, that is J > T, (more de- 
tails in |||). 

Vibrational excitations of atoms at the ground and ex- 
cited states are described by the two harmonic oscillators 
Hamiltonian 



H vih = V tiu* b]b 



(5) 



where and are the vibration frequency for ground 
and excited state atoms, respectively, bj, hi and cj, Cj 
are the creation and annihilation operators of a vibra- 
tion mode at site i for ground and excited state atoms, 
respectively. The atomic displacement operators are 



0+0 



(6) 



where m is the atomic mass. 

Here, ground and excited state atoms are considered 
as two different kinds of bosons 111 , where each has its 
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ex — vib 



t 



where the coupling parameter is 



B\B 3 , (7) 



(8) 



which is related to the derivative of Jy . Furthermore, 
we assume the excitation- vibration coupling parameters 
to be site independent, by defining = . The 
excitation- vibration coupling Hamiltonian is written as 




F 9 - 



b]b,- 



This term describes creation and destruction of vibra- 
tions, induced by excitation transfer among different 
sites. Two of the four processes are plotted in figures 
(1-2). The process in figure (1) show emission of ground 
state vibration at site j. While the process in figure (2) 
show absorption of excited state vibration at site j. In 
the process of figure (1), the initial states are \gt, 9 ,} and 
\ejjOl) with a dipole-dipole coupling, say, Jj. The final 
states are |ej,0£) and \gj,l 9 ) with a dipole-dipole cou- 
pling, say, J'j. Such differences in the coupling param- 
eters induce the emission and absorption of vibrational 

modes, as it is clear from the factor •! \ in the 
coupling parameter. Similar explanations hold for the 
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FIG. 1: The term Ff- BjBj b^, represent the process of the 
emission of ground state vibration at site j. 




FIG. 2: The term B]Bj Cj, represent the process of the 
absorption of ground state vibration at site j. 



other processes. The discussion is limited here to the 
first order of the perturbation series, where the emission 
and absorption processes are between the ground and 
the first excited vibrational state with a single quanta. 
Higher orders include processes with more than a single 
vibrational quanta. 

The interaction Hamiltonian can be rewritten in mo- 
mentum space representation. The excitation operators, 
as before, casts into exciton operators in using transfor- 
mation (j3]), with the exciton Hamiltonian of Eq.Q. The 
vibration operators, even though represent on-site local- 
ized vibrations, can be transformed formally into the mo- 
mentum space, by applying the transformations 

* = 77f E m « ' * = ~m E eiq ' nic q > ( 10 ) 

v q v q 



to get 

H mb = ^hw 9 v &t& q + ^/ia^ c q c q , (11) 
q q 

which have flat dispersions, namely q- independent. The 
exciton-vibration coupling now reads 

H ex - mb = ^ft{F e (k + q) c q + i^(k) 6 q 

k,q 

+ F e (k)cL q + i^(k + q)6L q ) 4 +q Ac> 

(12) 

where 

F A (k) = -^L V F A (L)e lk L . (13) 

The Hamiltonian H ex _ vi i, describes scattering of excitons 
between different wave vectors by the emission and ab- 
sorption of a vibration. Such a process is possible in the 
limit of J > w A , where the exciton band width is larger 
than the vibration energy. The scattering conserves en- 
ergy and momentum, and as the vibration dispersion is a 
flat one, the vibration can absorb any momentum amount 
of the exciton. 



IV. INTERACTIONS OF CAVITY 
POLARITONS TO VIBRATIONAL STATES 

Here we derive the cavity-polaritons coupling to the vi- 
brational modes which results of the excitation-vibration 
interaction. We start in presenting the cavity photons 
and their coupling to the excitons in an optical lattice, 
(more details in [6[ ) . We take the optical lattice to be lo- 
cated in the middle between, and parallel to, two perfect 
cavity mirrors, as plotted in figure (3). The electromag- 
netic field is free in the cavity plane with in-plane wave 
vector k, and quantized in the perpendicular direction 
with the discrete modes k z — nir/L, where n = 1, 2, • • • . 
We restrict our considerations to only the mode n = 1, 
that is close to resonance with the atomic electronic ex- 
citation, and we concentrate in a fixed cavity photon 
polarization. The cavity Hamiltonian thus is given by 
H c = ^ k ftu; c (fc) a^ak, where a k , are the creation 
and annihilation boson operators of a cavity photon with 
in-plane wave vector k. The corresponding cavity photon 

dispersion thus reads io c (k) — -^=\Jk 2 + (f-) 2 , where L 
is the distance between the cavity mirrors, and e ss 1 is 
the cavity medium dielectric constant. 

The coupled exciton-photon Hamiltonian is 

H = ^ ft |cj a BlB k + uj c {k) a k a k 

k 

+ hBla± + r k a{B±}, (14) 



FIG. 3: Schematic plot of the optical lattice between the two 
cavity mirrors. The cavity mode is plotted. 



where due to in-plane translational symmetry, the cou- 
pling is between excitons and photons with the same in- 
plane wave vector, and the coupling parameter is given 

by Hfk = ~i\f^ ^LSeo^ ' ^ s ^ e excl ton-photon coupling 
take place at small wave vectors, the exciton dispersion 
can be neglected, and we used Lu a (k) sa uj a . In the strong 
coupling regime, where the coupling is larger than both 
the exciton and photon line width, the excitons and pho- 
tons are coherently mixed to form the new system diag- 
onal eigenmodes which are called polaritons. The above 
Hamiltonian can be easily diagonalized to give 



(15) 



kr 



which exhibits two polariton branches, with the two dis- 
persions 



Exciton 



Low. Pol 




k-q 



FIG. 4: Schematic plot of the two polariton branches, with 
the cavity photon and exciton dispersions. The emission of a 
vibration by the scattering of a polariton between the wave 
vectors k and k — q is plotted. 



J c (k) 



± A, 



(16) 



vibration interaction by 



where = y/S' k + |/&| 2 , and we defined the exciton- 
photon detuning by S k = (w c (fc) — uj a )/2. The splitting 
between the two polariton branches at wave vector k is 
2Afc and the splitting at the exciton-photon intersection 
point, where 5k = 0, is 2\fk\ which corresponds to the 
vacuum Rabi splitting. The polariton operators are de- 
fined by 



.4 



k± 



with the exciton and photon amplitudes 



A fc T$k 
2A k 



fk 



v / 2A k (A k TSk) 



(17) 



(18) 



At the exciton-photon intersection point the polaritons 



'±12 



are half exciton and half photon, that is = l^i 

1/2. At large wave vectors the lower branch becomes 



cxcitonic, that is \X k 



1, \Y k | ps 0, and the upper 

+| 2 «o, |r+| 2 «i. 



branch becomes photonic, that is \X 

The exciton-vibration coupling yields polariton- 
vibration coupling. In using the inverse transformation 
£?k = J2r X k* ^kr, we get from Eq.(fT2"j) the polariton- 



H, 



pol—vib 



^^n{F e (k + q)c q + ^(k) b c 



k,q r,s 



+ F e (k) c t q + J F»(k + q) 6t_ q } 



(19) 



where the exciton amplitudes indicate that the interac- 
tion is due to the polariton excitonic parts. The inter- 
action describes scattering of polaritons between states 
with different wave vectors by the emission or absorp- 
tion of vibrations, see figure (4). As the vibrations are 
dispersionless, one need to take care only for the energy 
conservation. The scattering take place between different 
momentum states in the lower and the upper polariton 
branches. But if the vibration energy equals the splitting 
energy between the two branches, polaritons can jump 
between the two branches by the emission or absorption 
of vibrations. 

The polariton- vibration interaction can serve as a sig- 
nificant source for polaritons relaxation toward the min- 
imum energy at k = 0. Using the Fermi golden rule, the 
damping rate for the spontaneous emission of vibrations 
at zero temperature T — off polaritons at the lower 
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branch is given by 



w 



k.q 



(V(k)| 2 + |F2(k-q)| 2 ) \X k 



X 



(k-q) 



(20) 

The process is plotted schematically in figure (4). The 
appearance of the exciton amplitudes indicate that the 
process is much more efficient at regions where the po- 
laritons are more excitonic than photonic. The present 
relaxation mechanism does not suffer from the bottle- 
neck effect which appears in semiconductors due to the 
interaction of polaritons with acoustic phonons. Here the 
vibrations are dispersionless, while acoustic phonons have 
linear dispersion. The drawback of the present mecha- 
nism is the heating of the optical lattice atoms via excit- 
ing vibrational modes. 



excitations. Using perturbation theory, we derive the 
excitation-vibration interaction, which can be stronger 
than other known mechanisms via tunneling and scat- 
tering interactions. The excitation transfer among near- 
est neighbor sites is accompanied by the emission and 
absorption of a vibrational quanta. If the optical lat- 
tice is located within a cavity, in the strong coupling 
regime, the cavity photons and excitons form cavity po- 
laritons, and where the exciton- vibration interactions re- 
sult in polariton-vibration interactions. Such interaction 
will serve as an important source for relaxation of cavity 
polaritons towards their minimum energy at the lower 
polariton branch. 



V. SUMMARY 

We analyzed a new mechanism for the coupling of vi- 
brational modes in optical lattices to internal electronic 
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